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E-mail address: leblond@lmm.jussieu.fr (J.B. LebloIn order to lay the grounds for a future study of the deformation of the fronts of coplanar cracks during
their ﬁnal coalescence, we consider the model problem of a system of two coplanar, parallel, identical
slit-cracks loaded in mode I in some inﬁnite body. The ﬁrst, necessary task is to determine the distribu-
tion of the stress intensity factors along the crack fronts resulting from some small but otherwise arbi-
trary in-plane perturbation of these fronts. This is done here in the case where the distances between
the various crack fronts are arbitrary and ﬁxed.
The ﬁrst order expression of the local variation of the stress intensity factor is provided by a general
formula of Rice (1989) in terms of some ‘‘fundamental kernel” tied to the mode I crack face weight func-
tion. In the speciﬁc case considered, this fundamental kernel reduces to six unknown functions; the prob-
lem is to determine them. This is done by using another formula of Rice (1989) which provides the
variation of the fundamental kernel in a similar way. This second formula is applied to special perturba-
tions of the crack fronts preserving the shape and relative dimensions of the cracks while modifying their
absolute size and orientation. The output of this procedure consists of nonlinear integro-differential
equations on the functions looked for, which are transformed into nonlinear ordinary differential equa-
tions through Fourier transform in the direction of the crack fronts, and then solved numerically.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Many papers have been devoted in the past 25 years to the the-
oretical study of the deformation of crack fronts during the quasi-
static and coplanar propagation of 3D cracks. Two groups may be
distinguished among these.
A ﬁrst group focussed on stability of the crack front shape, pos-
sibly (but not necessarily) in the presence of well-deﬁned hetero-
geneities such as hard obstacles. The situations envisaged
included the semi-inﬁnite crack loaded in tension (Rice, 1985;
Gao and Rice, 1989) and in shear (Gao and Rice, 1986); the internal
(Gao and Rice, 1987a) and external (Gao and Rice, 1987b) circular
tensile cracks; the internal circular shear mode crack (Gao, 1988);
the slit-crack loaded in tension (Leblond et al., 1996) and in shear
(Lazarus and Leblond, 2002a); and the semi-inﬁnite interface crack
under general loading (Lazarus and Leblond, 1998a).ll rights reserved.
R 7190, Institut Jean Le Rond
nd).A second group used statistical tools to study the effect of ran-
dom ﬂuctuations of the fracture properties. Schmittbuhl et al.
(1995), Ramanathan et al. (1997), Delaplace et al. (1999), Schmitt-
buhl and Vilotte (1999) and Katzav and Adda-Bedia (2006)
focussed on the determination of the ‘‘roughness exponent” of
the front of a tensile semi-inﬁnite crack. Also, the power spectrum
and the autocorrelation function of the deviation of the crack front
from straightness were studied for the slit-crack loaded in tension
by Favier et al. (2006a) and in shear by Pindra et al. (2009), and for
the 3D semi-inﬁnite interface crack loaded arbitrarily by Pindra
et al. (2008).
All these works basically relied on use of an expression of the
variation of the stress intensity factors (SIFs) resulting from a slight
but otherwise arbitrary coplanar perturbation of the crack front,
named Rice’s ﬁrst formula in the sequel. This formula expressed
the variation of the SIFs in the form of an integral over the unper-
turbed front involving, in addition to the perturbation of the front,
some ‘‘fundamental kernel” (FK) connected to Bueckner’s 3D crack
face weight functions. It was established for planar cracks loaded
in mode I in full generality (following consideration of a number
Fig. 1. Two coplanar, parallel, identical tensile slit-cracks with slightly perturbed fronts.
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(1999) to arbitrarily shaped cracks under arbitrary loadings.
The crack face weight functions for the semi-inﬁnite crack and
the internal and external circular cracks have been known explic-
itly for a long time, and this was what allowed Rice (1985), Gao
and Rice (1986), Gao and Rice (1987a,b), Gao (1988) and Gao and
Rice (1989) to express the perturbed SIFs explicitly for these geom-
etries. The crack face weight functions, or more precisely the FK, for
the slit-crack and the semi-inﬁnite interface crack, which were
used in the works of Leblond et al. (1996), Lazarus and Leblond
(2002a) and Lazarus and Leblond (1998a), have been known for a
shorter time. The FK was derived for the slit-crack loaded in ten-
sion by Leblond et al. (1996) and in shear by Lazarus and Leblond
(2002b), and for the semi-inﬁnite interface crack under arbitrary
loading by Lazarus and Leblond (1998b) and Piccolroaz et al.
(2007). The methods employed in these works, with the exception
of the last one, were of ‘‘special” rather than ‘‘general” nature in
Bueckner (1987)’s terminology. This means that rather than pro-
viding the full solution of the elasticity problem implied, they con-
centrated on the sole feature of interest, namely the distribution of
the SIFs along the crack front, at the expense of generality but with
the advantage of economy and simplicity.
An important restriction is that up to now, the 3D crack face
weight functions and FK have been known only for geometries
involving a single crack. This has prevented the interesting study
of the deformation of crack fronts during coplanar coalescence of
cracks. The aim of these two joint papers is to lay the grounds for
future studies of this kind, by calculating the FK for the simplest
possible model 3D geometry involving two cracks: namely a sys-
tem of two parallel, coplanar, identical slit-cracks loaded in tension
in some inﬁnite body (Fig. 1). In the present Part I, the distances be-
tween the various crack fronts will be considered as given and1 An alternative derivation was provided independently by Nazarov (1989), but the
connection between the FK and the crack face weight functions was not evidenced in
this work.ﬁxed. In Part II to follow, we shall let the distance between the in-
ner fronts go to zero, or equivalently that between the outer fronts
go to inﬁnity, with the future study of coalescence in mind.
The method of derivation of the FK for the cracked geometry
considered will make a fundamental use of Rice’s second formula
derived in the same paper as the ﬁrst one (Rice, 1989). This second
formula provided the variation of the FK in mode I, just as the ﬁrst
one provided that of the SIFs. Again, this variation was expressed as
an integral over the unperturbed front involving the FK and the
perturbation of the front.
Rice’s ideawas to apply his two formulae to the numerical calcu-
lation of the SIFs and the FK for a planar crack of arbitrary shape. This
may be achieved through slight successive modiﬁcations of these
functions resulting from slight successive deformations of the front,
starting from a circular shape for which they are known and ending
with the ﬁnal shape desired. Alternatively, this ﬁnal shape may not
be imposed arbitrarily a priori, but determined incrementally
through repeatedapplicationof somephysical propagation criterion
depending on the SIFs at each step of the calculation. Both of these
ideas were put to practice by Bower and Ortiz (1990, 1993) and Laz-
arus (2003) in mode I, and Favier et al. (2006b) in mode I + II + III
using extensions of Rice’s formulae to general loadings.
However the use made here of Rice’s second equation, which is
inspired from that made by Leblond et al. (1996) for a single slit-
crack, is of a different nature. It consists of applying this equation
to special perturbations of the crack fronts preserving the shape
and relative dimensions of the cracks while modifying their abso-
lute size and orientation. Such perturbations do not change the FK
itself, but only its arguments. The procedure thus yields ‘‘self-con-
sistent” equations on the FK. These equations are of integro-differ-
ential nature, but because of the natural invariance of the problem
in the direction of the crack fronts, they may be transformed into
ordinary differential equations (ODEs) through Fourier transform
(FT) in this direction. They may then be solved numerically once
and for all for every set of relative distances between the various
crack fronts.
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 As a necessary prerequisite, Section 2 recalls Rice (1989)’s equa-
tions for the variations of the SIFs and FK resulting from some
arbitrary coplanar perturbation of an arbitrary tensile crack.
These equations are then specialized to a system of two copla-
nar, parallel, identical slit-cracks. The FK is shown to consist of
six unknown functions of a single variable, called the compo-
nents of the FK in the sequel.
 In Section 3, classical previous works are used to provide the
solution of the 2D problem of two slightly unequal collinear
tensile cracks, which is needed in the sequel.
 Section 4 uses Rice’s second equation to derive nonlinear inte-
gro-differential equations on the components of the FK. The
perturbations envisaged include certain translatory motions of
the fronts, plus identical rotations of these fronts around suit-
ably chosen centers.
 From there, Section 5 derives nonlinear ODEs on the FT of the
components of the FK. Complementary conditions are obtained
by determining the values of the FT of the components of the FK
at the origin from the 2D solution presented in Section 3, and
their asymptotic behavior near inﬁnity from the ODEs
themselves.
 Finally Section 6 presents the numerical procedure used to
solve these equations and the results obtained.
2. Generalities
2.1. Rice’s formulae for the perturbations of the stress intensity factors
and the fundamental kernel
Consider a crack with arbitrary smooth front F lying on a plane
of symmetry of some isotropic elastic body. Load this body through
some symmetric system of prescribed forces and/or displacements.
The crack is then in a situation of pure mode I; let the local SIF be
denoted K(s), where s represents some curvilinear abscissa
along F .
The loading being kept constant, shift the crack front F by a
small distance d(s), as measured perpendicularly to its original con-
ﬁguration, within the crack plane. The function d(s) being assumed
to be regular, the resulting change dK(s) of the local SIF is given, to
ﬁrst order in the perturbation of the front, by Rice’s ﬁrst formula
(Rice, 1989; Nazarov, 1989):
dKðsÞ ¼ ½dKðsÞdðs0 ÞdðsÞ;8s0 þ PV
Z
F
Zðs; s0ÞKðs0Þ½dðs0Þ  dðsÞds0: ð1Þ
In this expression ½dKðsÞdðs0 ÞdðsÞ;8s0 denotes the value of dK(s) for a
uniform advance of the crack front equal to d(s), and Z(s,s0) is the
fundamental kernel of the cracked geometry considered, connected
to Bueckner’s mode I crack face weight function.2
The quantity ½dKðsÞdðs0 ÞdðsÞ;8s0 depends on both the geometry and
the loading. On the other hand the FK depends on the geometry but
has no dependence upon the load, other than on which portions of
the body and its boundary have forces versus displacements pre-
scribed. It obeys the following properties:
Zðs; s0Þ  1
2p½Dðs;s0Þ2 for s
0 ! s;
Zðs; s0Þ ¼ Zðs0; sÞ for all s; s0;
(
ð2Þ
where D(s,s0) denotes the Cartesian distance between points s and
s0. Note that property (2)1 implies that the integral in Eq. (1) makes
sense as a Cauchy principal value (PV).2 The FK was noted Wðs;s
0 Þ
2p½Dðs;s0 Þ2 in Rice (1989)’s work in order to emphasize its singular
behavior for s0 ? s; see Eq. (2)1 below.Now assume that the crack front is unperturbed at points s and
s0(d(s) = d(s0) = 0). Then the change of the FK itself is provided, again
to ﬁrst order in the perturbation of the front, by Rice’s second for-
mula (Rice, 1989):
dZðs; s0Þ ¼ PV
Z
F
Zðs; s00ÞZðs00; s0Þdðs00Þds00: ð3Þ
Note that there are in fact two principal values in the integral here,
at points s and s0.
2.2. Application of Rice’s formulae to a system of two slit-cracks
Consider, within some inﬁnite isotropic elastic body, a system
of two coplanar, parallel, identical slit-cracks loaded in pure mode
I through some symmetric system of forces; for instance (but not
necessarily) a uniform stress r1 applied at inﬁnity perpendicularly
to the crack plane (Fig. 1). Deﬁne a Cartesian frame (O,x,y,z) such
that the cracks lie on the plane y = 0, the fronts of one of the cracks
at the positions x = a (front 1) and x = b (front 2) within this plane,
and the fronts of the symmetric crack at x = a (front 1) and x = b
(front 2). Deﬁne also the dimensionless parameters
k  a
b
; k0 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2
q
: ð4Þ
Note that the limit k? 0 (equivalently k0 ? 1) corresponds to the
case of a nearly vanishing ligament between the cracks, whereas
the limit k? 1 (equivalently k0 ? 0) corresponds to that of narrow,
weakly interacting cracks.
Now shift each front að¼ 1;2; 1; 2Þ, at the position z, by a small
distance da(z) perpendicularly to itself. Rice’s ﬁrst formula (1) for
the variation dKa(z) of the local SIF Ka(z) takes the form
dKaðzÞ ¼ ½dKaðzÞdbðz0 ÞdaðzÞ;8b;8z0
þ
X
b¼1;2;1;2
PV
Z þ1
1
Zabðz; z0ÞKbðz0Þ½dbðz0Þ  daðzÞdz0
ða ¼ 1;2; 1; 2Þ; ð5Þ
where ½dKaðzÞdbðz0 ÞdaðzÞ;8b;8z0 denotes the value of d Ka(z) for a uniform
advance of all fronts equal to da(z), and Zab(z,z0) the value of the FK
at points z of front a and z0 of front b.3
The notations in Eq. (5), although in line with those used in
Rice’s general formula (1), may be improved by adapting them to
the speciﬁc case considered:
 First, one may account for the translational invariance of the
unperturbed geometry in the direction z plus the singularity
of the functions Zaa(z,z0) (no sum on a) for s0 ? s, Eq. (2)1, by
settingZaaðz; z0Þ  fa ½ðzz0 Þ=bðzz0 Þ2 ðno sum on aÞ;
Zabðz; z0Þ  gab ½ðzz
0Þ=b
b2
ða– bÞ;
8<: ð6Þ
where indications of dependence of the functions upon the
parameter k are omitted for simplicity. The notation
u  z z
0
b
ð7Þ
for the argument of the functions fa and gab will often be used in
the sequel. Note that fa(u) and gab(u) are regular functions of u at
u = 0.
 Second, in the right-hand side of Eq. (5), one may note that
½dKaðzÞdbðz0 ÞdaðzÞ;8b;8z0 is proportional to da(z) by deﬁnition; then
use the regularity of gab[(z  z0)/b] to split the integrals having3 It is emphasized that the indices a and b here do not refer to different loading
modes but to different fronts.
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ﬁnally gather the various terms proportional to da(z) in the form
Ca(z)da(z).
Eq. (5) then becomes
dKaðzÞ ¼ CaðzÞdaðzÞ þ PV
Z þ1
1
fa
z z0
b
 
Kaðz0Þ daðz
0Þ  daðzÞ
ðz0  zÞ2
dz0
þ
X
b–a
Z þ1
1
gab
z z0
b
 
Kbðz0Þdbðz0Þ dz
0
b2
ða ¼ 1;2; 1; 2Þ:
ð8Þ
Note that the term Ca(z)da(z) here represents the value of dKa(z) for
a uniform advance of the sole front a equal to da(z) (da(z0) 
da(z),"z0;db(z0)  0,"b– a,"z0). The quantity Ca(z) depends on the
loading but the functions fa and gab do not, provided that this load-
ing consists only of prescribed forces (no prescribed displacements).
2.3. Elementary properties of the components of the fundamental
kernel
The general property (2)1, combined with the deﬁnition (6)1 of
the functions fa, implies that
fað0Þ ¼ 12p ða ¼ 1;2;
1; 2Þ: ð9Þ
Combination of property (2)2 and Eq. (6) also yields
faðuÞ ¼ faðuÞ ða ¼ 1;2; 1; 2Þ;
gbaðuÞ ¼ gabðuÞ ða– bÞ:
(
Other properties result from the symmetries of the unperturbed
geometry. Symmetry with respect to planes parallel to Oxy implies
that the functions fa and gab are even. This property was already
known for the former functions from the ﬁrst equation just above,
but for the latter it implies, upon combination with the second
equation, that the functions gab and gba are identical. Moreover
symmetry with respect to the plane Oyz implies that the functions
fa and fa, gab and gab are also identical.
Combining these various properties, one concludes that the FK
reduces to only six unknown components: the functions f1, f2, g12,
g11; g12 and g22, all of which are even. The other functions may be
deduced from them through the relations
fa  fa ða ¼ 1;2; 1; 2Þ;
gab  gba  gab ða– bÞ:
(
ð10Þ
In addition, the functions f1 and f2 satisfy the property (9).
3. The 2D solution
The 2D solution (in plane strain in the direction z) will be
needed for reasons which will appear below. This solution is pro-
vided in essence in Chapter 19 of Muskhelishvili (1953)’s book,
and in detail in the works of Sadowsky (1956), Barenblatt (1962),
Yokobori et al. (1965) and Hwu (1991) and the compilations of
Broberg (1999) and Tada et al. (2000).
3.1. Solution for equal cracks
Fig. 2 sketches the problem considered in the case of equal
cracks; the loading is assumed here to consist of a uniform tensile
stress r1 imposed at inﬁnity. The SIFs for this crack conﬁguration
have been provided by Sadowsky (1956) and compiled by Tada
et al. (2000) and are given byK1
r1
ﬃﬃﬃﬃ
pb
p ¼ K1
r1
ﬃﬃﬃﬃ
pb
p ¼ 1ﬃﬃ
k
p
k0
E0
K 0  k
2
 
;
K2
r1
ﬃﬃﬃﬃ
pb
p ¼ K2
r1
ﬃﬃﬃﬃ
pb
p ¼ 1
k0 1 E
0
K 0
 
;
8<: ð11Þ
where E0 and K0 are the classical complete elliptic integrals deﬁned
by Gradshteyn and Ryzhik (1980):
E0  Eðk0Þ  R p=20 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 k02 sin2 /q d/;
K 0  Kðk0Þ  R p=20 d/ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1k02 sin2 /p :
8><>: ð12Þ3.2. Solution for slightly unequal cracks
The SIFs for arbitrary unequal cracks have been provided by
Barenblatt (1962), Yokobori et al. (1965) and Hwu (1991) and com-
piled by Broberg (1999) and Tada et al. (2000). One can get from
there, through tedious but straightforward calculations based on
Gradshteyn and Ryzhik (1980)’s formulae for the derivatives of
elliptic integrals, the ﬁrst order variations of the SIFs resulting from
a slight collinear perturbation of a system of equal cracks. Two
cases are of interest here:
 Perturbation of one of the inner crack tips, say tip 1, by a distance
d1 (Fig. 3). The variations of the SIFs are then given, to ﬁrst order,
bydK1
r1
ﬃﬃﬃﬃ
pb
p ¼ 1
4k3=2k03
2 E02
K 02
þ ð1 k2Þ E0K 0 þ k
2ð3 k2Þ
h i
d1
b ;
dK2
r1
ﬃﬃﬃﬃ
pb
p ¼ 1
2kk03
E02
K 02
þ kð1 kÞ E0K 0  k
3
h i
d1
b ;
dK1
r1
ﬃﬃﬃﬃ
pb
p ¼ 1
4k3=2k03
2 E02
K 02
þ ð1þ 3k2Þ E0K 0  k
2ð1þ k2Þ
h i
d1
b ;
dK2
r1
ﬃﬃﬃﬃ
pb
p ¼ 1
2kk03
E02
K 02
 kð1þ kÞ E0K 0 þ k
3
h i
d1
b :
8>>>>>><>>>>>:
ð13Þ
 Perturbation of one of the outer crack tips, say tip 2, by a distance
d2 (Fig. 4). ThendK1
r1
ﬃﬃﬃﬃ
pb
p ¼ 1
2
ﬃﬃ
k
p
k03
 E02
K 02
þ ð1 kÞ E0K 0 þ k
h i
d2
b ;
dK2
r1
ﬃﬃﬃﬃ
pb
p ¼ 1
4k03
2 E
02
K 02
þ ð1 k2Þ E0K 0 þ 1 3k
2
h i
d2
b ;
dK1
r1
ﬃﬃﬃﬃ
pb
p ¼ 1
2
ﬃﬃ
k
p
k03
 E02
K 02
þ ð1þ kÞ E0K 0  k
h i
d2
b ;
dK2
r1
ﬃﬃﬃﬃ
pb
p ¼ 1
4k03
2 E
02
K 02
 ð3þ k2Þ E0K 0 þ 1þ k
2
h i
d2
b :
8>>>>><>>>>>:
ð14Þ
3.3. Consequences on the 3D solution
Now come back to the 3D case and assume again that the load-
ing consists of a uniform tensile stress r1 imposed at inﬁnity. Then
the unperturbed SIFs Ka are independent of z and given by Eq. (11).
Move the sole crack front a (=1 or 2) by a uniform distance da. Then
the variation dKa of the SIF on this front is also uniform and given
by Eq. (13)1 or (14)2. But it is also equal to Cada by Eq. (8). Hence
the values of the constants Ca are given by
C1
r1
ﬃﬃﬃﬃ
pb
p ¼ C1
r1
ﬃﬃﬃﬃ
pb
p ¼ 1
4k3=2k03b
2 E02
K 02
þ ð1 k2Þ E0K 0 þ k
2ð3 k2Þ
h i
;
C2
r1
ﬃﬃﬃﬃ
pb
p ¼ C2
r1
ﬃﬃﬃﬃ
pb
p ¼ 1
4k03b
2 E
02
K 02
þ ð1 k2Þ E0K 0 þ 1 3k
2
h i
;
8><>: ð15Þ
where account has been taken of the equality Ca ¼ Ca resulting
from symmetry with respect to the plane Oyz.
Now move the sole front b (=1 or 2) by a uniform distance db
and consider the resulting variation d Ka of the SIF on front a
Fig. 2. Two equal, collinear cracks in 2D.
Fig. 3. Two collinear cracks in 2D-perturbation of one of the inner cracks tips.
Fig. 4. Two collinear cracks in 2D-perturbation of one of the outer cracks tips.
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or (14)1,3,4. But by Eq. (8), it is also given by
dKa ¼
Z þ1
1
gab
z z0
b
 
Kbdb
dz0
b2
¼ Kb dbb
Z þ1
1
gabðuÞdu:
From there and Eq. (11) follow the values of the integralsRþ1
1 gabðuÞdu:Rþ1
1 g12ðuÞdu ¼ 12 ﬃﬃkp k02 E0K 0 þ k ;Rþ1
1 g11ðuÞdu ¼ 14kk02 2 E
0
K 0 þ 1þ k
2
 
;Rþ1
1 g12ðuÞdu ¼ 12 ﬃﬃkp k02 E0K 0  k ;Rþ1
1 g22ðuÞdu ¼ 14k02 2 E
0
K 0 þ 1þ k
2
 
:
8>>>>><>>>>:
ð16Þ
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Rþ1
1 g12ðuÞdu is provided by both the varia-
tion of K1 induced by a perturbation of front 2 and the variation
of K2 induced by a perturbation of front 1).
Again, the values of the constants Ca here depend on the speciﬁc
loading considered but those of the integrals
Rþ1
1 gabðuÞdu do not,
provided that this loading consists only of prescribed forces.
4. Integro-differential equations for the components of the
fundamental kernel
4.1. First translatory motion of the crack fronts
Let us deﬁne a combination of small translatory motions of the
crack fronts preserving relative distances between them and leav-
ing front 1 ﬁxed (Fig. 5). The displacements of the various fronts
must then be proportional to their distance to front 1, that is
b  a = (1  k)b for front 2, 2a = 2kb for front 1 and b + a = (1 + k)b
for front 2. They must thus be of the form
d1  0
d2  ð1 kÞe
d1  2ke
d2  ð1þ kÞe
8>><>>: ð17Þ
for some small distance e. (The  sign in Eq. (17)3 arises from the
fact that front 1 must move backward, see Fig. 5).
Let z and z0 denote arbitrary points on front 1. Since the crack
advance is zero at these points, Rice’s second formula (3) may be
used to evaluate the variation of the component Z11(z,z0) 
f1[(z  z0)/b]/(z  z0)2. When doing so, one may note that since the
ratio k  a/b is preserved in the transformation, the function f1 it-
self does not change; but its argument does, since the half-distance
b between the outer crack fronts becomes b + e. To ﬁrst order in e,
the new value of Z11(z,z0) is thus
f1½ðz z0Þ=ðbþ eÞ
ðz z0Þ2
¼ f1½ðz z
0Þ=b
ðz z0Þ2
 f
0
1½ðz z0Þ=b
z z0
e
b2
so that its variation isFig. 5. Translatory motion of crack fronts 2, 1 and 2.dZ11ðz; z0Þ   f
0
1½ðz z0Þ=b
z z0
e
b2
:
Therefore, by Rice’s second formula (3) and Eqs. (6) and (17),
 f
0
1½ðz z0Þ=b
z z0
e
b2
¼
Z þ1
1
g12
z z00
b
 
g21
z00  z0
b
 
ð1 kÞedz
00
b4

Z þ1
1
g11
z z00
b
 
g11
z00  z0
b
 
2ke
dz00
b4
þ
Z þ1
1
g12
z z00
b
 
g21
z00  z0
b
 
ð1þ kÞedz
00
b4
:
Using the symmetry relations (10)2 and the changes of variables
u  (z  z0)/b, u0  (z  z00)/b, one gets from there the integro-differ-
ential equation
f 01 ¼ ð1 kÞuðg12  g12Þ þ 2kuðg11  g11Þ  ð1þ kÞuðg12  g12Þ;
ð18Þ
where the symbol  denotes the convolution product and the argu-
ment u of the functions has been discarded for compactness.
4.2. Second translatory motion of the crack fronts
Consider now a similar combination of translatory motions of
the crack fronts preserving relative distances and leaving ﬁxed
front 2 instead of front 1 (Fig. 6). The displacements of the fronts
are then proportional to their distance to front 2 so that
d1  ð1 kÞe;
d2  0;
d1  ð1þ kÞe;
d2  2e:
8>><>>: ð19Þ
Applying Rice’s second formula (3) to evaluate the variation of the
component Z22(z,z0) resulting from this perturbation, one gets, fol-
lowing the same lines as above, the integro-differential equation
f 02 ¼ ð1 kÞuðg12  g12Þ þ ð1þ kÞuðg12  g12Þ  2uðg22  g22Þ:
ð20ÞFig. 6. Translatory motion of crack fronts 1, 1 and 2.
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Consider ﬁnally small, identical rotations of the crack fronts
around centers located on them and aligned on a straight line
(Fig. 7). The positions z1, z2, z1; z2 of these centers and the perturba-
tions of the fronts are then of the form
z1  z0  kh;
z2  z0  h;
z1  z0 þ kh;
z2  z0 þ h;
8>><>>:
d1ðzÞ  eðz z1Þ;
d2ðzÞ  eðz z2Þ;
d1ðzÞ  eðz z1Þ;
d2ðzÞ  eðz z2Þ;
8>><>>: ð21Þ
where z0 denotes an arbitrary position, h an arbitrary distance and e a
small angle. Since the centers of rotationdonotmove in theperturba-
tion, Rice’s second formula (3)may be used to evaluate the variations
of the components Z12(z1,z2), Z11ðz1; z1Þ; Z12ðz1; z2Þ and Z22ðz2; z2Þ.
By Thales’s theorem, the ratios of the distances between the
various fronts are the same if measured perpendicularly to them
or along the straight line joining the centers of rotation; and this
is true both before and after the perturbation. It follows that these
ratios are preserved in the transformation. Therefore, to evaluate
the variation of Z12(z1,z2)  g12[(z1  z2)/b]/b2, one may again note
that the function g12 itself does not change; but again its argument
does since the half-distance b between the outer fronts and the
positions z1, z2, z1; z2 of the centers of rotation, as measured along
the fronts, become after the transformation
b0  bþ eh;
z01  z1 þ ekb;
z02  z2 þ eb;
z01  z1  ekb;
z02  z2  eb:
8>><>>:
Therefore the new value of Z12(z1,z2) is
g12 z
0
1  z02
 
=b0
	 

b02
¼ g12½ðz1  z2Þ=b
b2
 2g12
z1  z2
b
  z1  z2
1 k
e
b3
 g012
z1  z2
b
 
1 kþ 1
1 k
z1  z2
b
 2  e
b2Fig. 7. Rotation of tso that its variation is
dZ12ðz1; z2Þ  2g12
z1  z2
b
  z1  z2
1 k
e
b3
 g012
z1  z2
b
 
1 kþ 1
1 k
z1  z2
b
 2  e
b2
:
Therefore, by Rice’s second formula (3) and Eqs. (6) and (21)5,6,7,8,
 2g12
z1  z2
b
  z1  z2
1 k
e
b3
 g012
z1  z2
b
 
1 kþ 1
1 k
z1  z2
b
 2  e
b2
¼ PV
Z þ1
1
f1½ðz1  zÞ=b
ðz1  zÞ2
g12½ðz z2Þ=b
b2
eðz z1Þdz
þ PV
Z þ1
1
g12½ðz1  zÞ=b
b2
f2½ðz z2Þ=b
ðz z2Þ2
eðz z2Þdz
þ
Z þ1
1
g11½ðz1  zÞ=b
b2
g12½ðz z2Þ=b
b2
eðz z1Þdz

Z þ1
1
g12½ðz1  zÞ=b
b2
g22½ðz z2Þ=b
b2
eðz z2Þdz:
Using the symmetry relations (10)2 and the changes of variables
u  (z1  z2)/b, u0  (z1  z)/b, writing z z1 and z z2 in the form
z z1 þ z1  z1 and z z1 þ z1  z2, and expressing z1  z1 and
z1  z2 in terms of z1  z2 using Eq. (21)1,2,3,4, one gets from there
the integro-differential equation
1 kþ u
2
1 k
 
g12
 0
¼ PV f1 þ f2
u
 g12 þ ug11ð Þ  g12
þ 2k
1 k uðg11  g12Þ 
1þ k
1 k uðg12  g22Þ:
ð22Þ
The reasonings for the variations of the components Z11ðz1; z1Þ;
Z12ðz1; z2Þ and Z22ðz2; z2Þ are similar and lead to the following inte-
gro-differential equations:he crack fronts.
Fig. 8. The function cF1 ðpÞ.
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2
2k
 
g11
 0
¼ 2PV f1
u
 g11  ug12ð Þ  g12 þ ug12ð Þ  g12
 u
k
ðg12  g12Þ; ð23Þ
1þ kþ u
2
1þ k
 
g12
 0
¼ PV f1  f2
u
 g12  ug12ð Þ  g22
 ug11ð Þ  g12 
1 k
1þ k u g12  g22ð Þ
þ 2k
1þ k u g11  g12ð Þ; ð24Þ
2þ u
2
2
 
g22
 0
¼ 2PV f2
u
 g22 þ ug12ð Þ  g12  ug12ð Þ  g12
þ ku g12  g12ð Þ: ð25Þ5. Equations on the Fourier transforms of the components of
the fundamental kernel
5.1. Fourier transform of the integro-differential equations
The presence of convolution products in Eqs. (18), (20), and
(22)–(25) is an invitation to take their FTs. The FT b/ðpÞ of an arbi-
trary function /(u) is deﬁned here by the equivalent formulae
b/ðpÞ  Z þ1
1
/ðuÞeipudu() /ðuÞ  1
2p
Z þ1
1
b/ðpÞeipudp: ð26Þ
Taking the FT of the various terms of Eqs. (18), (20), and (22)–(25) is
a straightforward task, except for terms of the form PV fau (a = 1,2).
To calculate the FT of these terms, deﬁne the functions ha  fau . Then
fa = uha so that bfa ¼ icha 0, the integral deﬁning cha being understood
as a Cauchy PV. Therefore cha ¼ dPV fau ¼ icFa where cFa is some indef-
inite integral of bfa , which may be identiﬁed upon application of this
result at p = 0 as the unique odd such integral:
cFaðpÞ  Z p
0
bfaðp0Þdp0 ða ¼ 1;2Þ: ð27ÞUse of this result in Eqs. (18), (20), and (22)–(25) then yields the fol-
lowing ODEs on the functions cFa and dgab :
pcF1 0 ¼ 2ð1 kÞdg12dg12 0 þ 4kdg11dg11 0  2ð1þ kÞdg12dg12 0; ð28Þ
pcF2 0 ¼ 2ð1 kÞdg12dg12 0 þ 2ð1þ kÞdg12dg12 0  4dg22dg22 0; ð29Þ
p ð1 kÞdg12  dg12 001 k
 
¼ cF1 þcF2 dg12 þ 2k1 kdg11dg12 0
þ 1þ k
1 kdg11 0dg12  1þ k1 kdg12dg22 0
 2
1 kdg12 0dg22 ; ð30Þ
p 2kdg11 dg11 002k
 
¼ 2cF1dg11  1 kk dg12dg12 0  1þ kk dg12 0dg12 ; ð31Þ
p ð1þ kÞdg12  dg12 001þ k
 
¼ cF2 cF1 dg12  1 k1þ kdg12dg11 0
þ 2k
1þ kdg12 0dg11  1 k1þ kdg12dg22 0
 2
1þ kdg12 0dg22 ; ð32Þ
p 2dg22 dg22 002
 
¼ 2cF2dg22  ð1 kÞdg12dg12 0 þ ð1þ kÞdg12 0dg12 : ð33Þ
5.2. Complementary conditions
Since the functions cFa anddgab are odd and even, respectively, it
sufﬁces to determine them over the interval [0,+1). In order to do
so using the ODEs (28)–(33), one needs ‘‘initial conditions” at, a pri-
ori, p = 0 or +1; but in fact conditions at p = 0 and +1 will reveal
necessary for the numerical integration, as will be seen.
 Values of the cFa ;dgab and dgab 0 at p = 0. It follows from the deﬁni-
tion (27) of the cFa thatcF1ð0Þ ¼ cF2ð0Þ ¼ 0: ð34Þ
Fig. 9. The function cF2 ðpÞ.
Fig. 10. The function dg12 ðpÞ.
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N. Pindra et al. / International Journal of Solids and Structures 47 (2010) 3489–3503 3497Also, Eq. (16) directly provide the values of the dgab at p = 0:dg12ð0Þ ¼ 12 ﬃﬃkp k02 E0K 0 þ k ;dg11ð0Þ ¼ 14kk02 2 E0K 0 þ 1þ k2 ;dg12ð0Þ ¼ 12 ﬃﬃkp k02 E0K 0  k ;dg22ð0Þ ¼ 14k02 2 E0K 0 þ 1þ k2 :
8>>>><>>>>:
ð35Þ
Finally, since these functions are even,4dg12 0ð0Þ ¼dg11 0ð0Þ ¼dg12 0ð0Þ ¼dg22 0ð0Þ ¼ 0: ð36Þ
We disregard here the improbable possibility of functions dgab 0 discontinuous at
origin. It is easy to show that in such a case the functions gab(u) would decrease
u2 for u? ±1; a very unlikely behavior since their equivalent for a single slit-
k is known to decrease more quickly, like juj3 (Leblond et al., 1996). Values of the cFa at p = +1 and asymptotic behavior of the dgab for
p? +1. To ﬁnd the values of the cFa at p = +1, note that the
formulabfaðpÞ ¼ Z þ1
1
faðuÞeipudu ¼ 2
Z þ1
0
faðuÞ cosðpuÞdu
yields upon integration and use of the change of variable u0  pu:
cFaðpÞ ¼ 2Z þ1
0
faðuÞ sinðpuÞu du ¼ 2
Z þ1
0
faðu
0
p
Þ sinu
0
u0
du0:
It then follows through replacement of fa(u0/p) by fa(0) in the
limit p? +1 and use of Eq. (9) that
cF1ðþ1Þ ¼ cF2ðþ1Þ ¼ 12 : ð37Þ
Fig. 11. The function dg11 ðpÞ.
Fig. 12. The function dg12 ðpÞ.
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However we shall not need the sole limit of the dgab but their
asymptotic behavior near inﬁnity. The derivation of this behavior
is somewhat involved and presented in Appendix A, and it is con-
cluded that
dg12ðpÞ ¼ c12 1þ 18ð1kÞpþO 1p2 h i ﬃﬃﬃpp eð1kÞp;dg11ðpÞ ¼ c11 1 316kpþO 1p2 h i e2kpﬃﬃpp ;dg12ðpÞ ¼ c12 c12c114p þO 1p2 h ieð1þkÞp;dg22ðpÞ ¼ c22þ c2216  1þk4 c12c12  1pþO 1p2 h i ﬃﬃﬃpp e2p;
8>>>>><>>>>:
for p!þ1;
ð38Þ
where c12, c11; c12; c22 are unknown constants.Remark. One can check that the ODEs (28)–(33) imply that the
quantitycF12 þcF22 þ 2ð1 kÞ2dg122  2dg12 02 þ 4k2dg112 dg11 02
 2ð1þ kÞ2dg122 þ 2dg12 02 þ 4dg222 dg22 02is a constant, the value of which is 12 by Eqs. (37) and (38). Similar
intriguing constants of integration were evidenced for a single
slit-crack loaded in tension (Leblond et al., 1996) and shear (Lazarus
and Leblond, 2002b). The basic explanation of their existence re-
mains to be found.
Fig. 13. The function dg22 ðpÞ.
Fig. 14. The function f1(u).
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6.1. Choice of a numerical procedure
Since the ODEs (28)–(33) are of second order and nonlinear,
they can only be solved numerically; but this can be done once
and for all for each value of the ratio k deﬁned by Eq. (4)1. Since
the values of the functions cFa ; dgab and dgab 0 at p = 0 are known,
the most natural method seems to integrate from 0 to +1, or
rather from pmin to pmax, with 0 < pmin 1 pmax. (Integrating
right from the origin is impossible because of the singular nature
of the ODEs there). But this would raise a problem for large values
of p, for the following reason. For such values, the left-hand sides in
Eqs. (30)–(33) dominate over the right-hand sides, so that eachfunction dgab is asymptotically proportional to a sum of two expo-
nentials: e(1k)p and e(1k)p for dg12 , e2kp and e2kp for dg11 , e(1+k)p
and e(1+k)p for dg12 , and e2p and e2p for dg22 . The increasing expo-
nentials e(1k)p, e2kp, e(1+k)p, e2p are not wanted for obvious physical
reasons; the problem is that because of inevitable numerical errors,
they are bound to appear and ultimately dominate over the desired
decreasing ones e(1k)p, e2kp, e(1+k)p, e2p.
The solution to this problem is obviously to integrate back-
wards, from pmax to pmin, so as to transform the undesired expo-
nentials e(1k)p, e2kp, e(1+k)p, e2p into decreasing functions. Then,
even though they will inevitably appear, they will be dominated
by the desired increasing ones e(1k)p, e2kp, e(1+k)p, e2p. But an-
other difﬁculty pertaining to initial conditions then appears: in-
deed the asymptotic behavior of the functions dgab for p? +1 is
Fig. 15. The function f2(u).
Fig. 16. The function g12(u).
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The solution to this other problem is to adjust these constants so
as to match the desired values of the functions at the origin.
The numerical procedure thus essentially consists of a Newton
algorithm on the constants cab. For each quadruplet of values
(c12, c11; c12; c22Þ, the values of the functions cFa ; dgab and dgab 0 at
p = pmax are deduced from Eqs. (37) and (38), and the ODEs (28)–
(33) are integrated backwards using Runge–Kutta’s method of or-
der 4. The values of the functions dgab at p = pmin are compared to
the ‘‘primary targets” provided by Eq. (35), and the constants cab
modiﬁed accordingly for the next Newton iteration. The required
derivatives @dgabðpminÞ=@ckl are obtained by numerical differentia-
tion through slight variations of the ckl. Once convergence has
been obtained, a ﬁnal check is performed on the ‘‘secondary tar-
gets” provided by Eqs. (34) and (36).6.2. Numerical results
Figs. 8–13 show the functions cFa and dgab thus obtained, for
pmin = 0.0001 and pmax = 40. Various values of the ratio k deﬁned
by Eq. (4)1, ranging from 0.05 to 0.8, are envisaged here. (In
Fig. 11, the functiondg11 for the value k = 0.05 is not shown because
results for other values would become illegible). Figs. 14–19 also
show the functions fa and gab, obtained through inverse Fourier
transform of the functions bfa ¼ cFa 0 and dgab .
Comments on the inﬂuence of k on the various functions are in
order. This parameter is recalled to represent the distance between
the inner crack fronts normalized by that between the outer ones;
we shall consider the latter distance, 2b, as ﬁxed and the sole for-
mer one, 2a, as variable. Also, it will be helpful to remember that
the functions fa[(z  z0)/b] and gab[(z  z0)/b] describe ‘‘interac-
Fig. 17. The function g11ðuÞ.
Fig. 18. The function g12ðuÞ.
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to the variation of the SIF at the point z of front a induced by a
small advance of the point z0 of front a (for fa) or front b (for gab).
The inﬂuence of k upon the various functions may then be ratio-
nalized in terms of two distinct effects. First, the presence of the
ligament tends to reduce the opening of the cracks, and conse-
quently the interactions between the fronts; thus an increase of
its width must result in a decrease of the functions. Second, it is
obvious that the larger the distance between two crack fronts,
the weaker the interactions between them.
Now two types of behavior may be observed on Figs. 8–19:
 The functions cF1 ; cF2 ; dg11 ; dg12 ; dg22 , and similarly f1, f2,
g11; g12; g22, decrease when k increases. This is because for
these functions, the two phenomena just described combinetheir effects: an increase of k induces an increase of the width
of the ligament as well as of the distance between fronts 1 and
1, 1 and 2 (that between fronts 2 and 2 remaining unchanged).
 In contrast, the functionsdg12 and g12 increase when k increases.
For these functions, the two phenomena mentioned above play
opposite roles since an increase of k induces an increase of the
width of the ligament but a decrease of the distance between
fronts 1 and 2. It is not easy to a priori predict what the net result
will be. Numerical results show that the inﬂuence of the distance
between the fronts overcomes that of the width of the ligament.
Such elementary considerations cannot however explain the
puzzling observation that cF1ðpÞ and f1(u) become non-monotone
functions of p and u for small values of k (see Figs. 8 and 14). This
strange behavior will be studied in detail in Part II.
Fig. 19. The function g22ðuÞ.
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This paper was devoted to the evaluation of the distribution of
the (mode I) stress intensity factor along the fronts of a system of
two coplanar, parallel, identical tensile slit-cracks, after some slight
but otherwise arbitrary in-plane perturbation of these fronts. The
aim was to lay the grounds for a future study of the deformation
of these fronts during propagation of the cracks in a medium with
spatially variable fracture properties.
The expression of the perturbed stress intensity factor being
provided by Rice’s ﬁrst formula (Rice, 1989) in terms of six un-
known geometry-dependent functions, the components of the fun-
damental kernel, the problem was to evaluate these functions.
The original method used to do so circumvented the (probably
impossible) determination of the entire solution of the complex
3D elasticity problem implied, and concentrated on the sole quan-
tities of interest. It relied on three basic elements:
 Application of Rice’s second formula (Rice, 1989) for the pertur-
bation of the fundamental kernel to special perturbations of the
crack fronts preserving the shape and relative dimensions of the
cracks, while modifying their absolute size and orientation. This
procedure yielded integro-differential equations on the compo-
nents of the fundamental kernel.
 Reduction of these integro-differential equations to ordinary
nonlinear differential equations through Fourier transform in
the direction of the crack fronts.
 Numerical solution of these ordinary differential equations.
The case of a small distance between the two inner crack fronts,
or equivalently of a large one between the outer fronts, is of special
interest for the study of the deformation of the former fronts dur-
ing the ﬁnal coalescence of the cracks. The study of this case raises
non-trivial difﬁculties and will be presented in Part II.5 In fact the functionsdgab will be seen to be asymptotically proportional not simply
to some exponential, but the product of exponential and power functions. The
formula b/ðpÞ / ejp here and below must thus be interpreted as meaning that the
function b/ðpÞ is asymptotically equivalent to an expression of the type apbejp for
some constants a and b.Acknowledgement
This work was supported by the ANR Programme SYSCOMM
ANR-09-SYSC-006 ‘‘MEPHYSTAR”.Appendix A. Asymptotic behavior of the functions cgab near
inﬁnity
The asymptotic behavior of the functionsdg12ðpÞ; dg11ðpÞ; dg12ðpÞ;dg22ðpÞ for p? +1 will be derived from the ODEs (30)–(33).
In these equations, the left-hand sides involve a factor of p
which goes to inﬁnity, and therefore dominate over the right-hand
sides. Therefore the right-hand sides may simply be discarded in a
ﬁrst approximation, and the conclusion is thatdg12ðpÞ / eð1kÞp; dg11ðpÞ / e2kp; dg12ðpÞ / eð1þkÞp;dg22ðpÞ / e2p for p! þ1; ðA:1Þ
where divergent exponentials have been excluded for obvious phys-
ical reasons.5
It is now necessary to study Eqs. (30)–(33) separately.
Study of Eq. (30). Using Eqs. (37) and (A.1), one concludes that
ðcF1 þcF2Þdg12 dg12 / eð1kÞp; dg11dg12 0 / eð1þ3kÞp;dg11 0dg12 / eð1þ3kÞp; dg12dg22 0 / eð3þkÞp; dg12 0dg22 / eð3þkÞp:
It follows that in the right-hand side of Eq. (30), the ﬁrst term dom-
inates over the other ones which can therefore be discarded; one
thus gets
p½ð1 kÞdg12  dg12 001 k ¼dg12 () dg12 00dg12 ¼ dg12
0dg12
 0
þ dg12 0dg12
 2
¼ ð1 kÞ2  1 k
p
:
Expanding dg12 0=dg12 in powers of 1p and identifying terms, one then
gets the formuladg12 0dg12 ¼ ð1 kÞ þ 12p 18ð1 kÞp2 þ O 1p3
 
;
integration of which yields expression (38)1 of the text.
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Eq. (30) and leads to expression (38)2 of the text.
Study of Eq. (32). Examining the order of magnitude of the
various terms in the right-hand side as was done for Eq. (30),
one concludes that the ﬁrst, fourth and ﬁfth terms are negligible
but the second and third are not. Using the asymptotic expressions
(38)1,2 of the functions dg12 and dg11 just established, one then puts
Eq. (32) in the form
p ð1þ kÞdg12  dg12 001þ k
 
¼ c12c11
eð1þkÞp
2p
1þ O 1
p
  
: ðA:2Þ
A special solution of this equation is  c12c114 e
ð1þkÞp
p ½1þ Oð1pÞ, and the
general solution of the associated homogenous equation is
c12eð1þkÞp where c12 is a constant. The general solution of Eq.
(A.2) is therefore given by expression (38)3 of the text.
Study of Eq. (33). Using Eq. (37)2 and the asymptotic expressions
(38)1,3 of the functions dg12 and dg12 just established, one puts this
equation in the form
p 2dg22 dg22 002
 
¼dg22 þ 1þ k2 c12c12 e2pﬃﬃﬃpp 1þ O 1p
  
: ðA:3Þ
A special solution is  1þk4 c12c12 e
2pﬃﬃ
p
p 1þ O 1p
 h i
. Also, the associated
homogeneous equation may be solved by putting it in the form
dg22 00dg22 ¼ dg22
0dg22
 0
þ dg22 0dg22
 2
¼ 4 2
p
;
expandingdg22 0=dg22 in powers of 1p and identifying terms; the general
solution is found to be c22
ﬃﬃﬃ
p
p
e2p 1þ 116pþ O 1p2
 h i
where c22 is a
constant. Combining these solutions, one obtains expression (38)4
of the text for the general solution of Eq. (A.3).
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